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Abstract. We study nongeneric planar trees and prove the existence of a 
Gibbs measure on infinite trees obtained as a weak limit of the finite volume 
measures. It is shown that in the infinite volume limit there arises exactly one 
vertex of infinite degree and the rest of the tree is distributed like a subcritical 
Galton- Watson tree with mean offspring probability m < 1. We calculate 
the rate of divergence of the degree of the highest order vertex of finite trees 
in the thermodynamic limit and show it goes like (1 — m)N where N is the 
size of the tree. These trees have infinite spectral dimension with probability 
one but the spectral dimension calculated from the ensemble average of the 
generating function for return probabilities is given by 2/3 — 2 if the weight 
w n of a vertex of degree n is asymptotic to rT^ . 



1 Introduction 



In the recent past the interest of scientists in various classes of random 
graphs and networks has increased dramatically due to the many applica- 
tions of these mathematical structures to describe objects and relationships 
in subjects ranging from pure mathematics and computer science to physics, 
chemistry and biology. An important class of graphs in this context are tree 
graphs, both because many naturally appearing random graphs are trees and 
also because trees are analytically more tractable than general graphs and 
one expects that some features of general random graphs can be understood 
by looking first at trees. 

In this paper we study an equilibrium statistical mechanical model of 
planar trees. The parameters of the model are given by a sequence of non- 
negative numbers (wj)j>i, referred to as branching weights. To a finite tree 
t we assign a Boltzmann weight 

w(t) = n Wai 

where V(r) is the vertex set of r and a\ is the degree of the vertex i. The 
model is local, in the sense that the energy of a tree is given by the sum over 
the energies of individual vertices. In [7] the critical exponents of this model 
were calculated and its phase structure was described. It was argued that the 
model exhibits two phases in the thermodynamic limit: a fluid (elongated, 
generic) phase where the trees are of a large diameter and have vertices of 
finite degree and a condensed (crumpled) phase where the trees are short 
and bushy with exactly one vertex of infinite degree. 

A complete characterization of the fluid phase, referred to as generic 
trees, was given in [T7J [20] where it was shown that the Gibbs measures 
converge to a measure concentrated on the set of trees with exactly one non- 
backtracking path from the root to infinity having critical Galton- Watson 
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outgrowths. In [20J it was furthermore proved that the trees have Hausdorff 
dimension dn = 2 and spectral dimension d s = 4/3 with respect to the 
infinite volume measure. The purpose of this paper is to establish analogous 
results for the condensed phase. Preliminary results in this direction were 
obtained in [31 J . 

One of the motivations for the study of the tree model is that a similar 
phase structure is seen for more general class of graphs in models of simplicial 
gravity [H [2]- In these models the elongated phase seems to be effectively 
described by trees [3] and it has been established by numerical methods that 
in the condensed phase a single large simplex appears whose size increases 
linearly with the graph volume [151 121] • In p2] it was proposed that the same 
mechanism is behind the phase transition in the different models and the so 
called constrained mean field model was introduced in order to capture this 
feature. This idea was developed in a series of papers [6], [HI [HI HOl tH] where 
the model was studied under the name "balls in boxes" or "backgammon 
model" . The model consists of placing N balls into M boxes and assigning a 
weight to each box depending only on the number of balls it contains. In [5] 
the critical exponents were calculated and the two phases characterized. The 
distribution of the box occupancy number was derived and it was argued 
that in the condensed phase exactly one box contains a large number of balls 
which increases linearly with the system size. 

A model equivelant to the "balls in boxes" model was studied in a 
recent paper [27]. It is an equilibrium statistical mechanical model with a 
local action of the form described above but the class of trees is restricted to 
so called caterpillar graphs. Caterpillars are trees which have the property 
that if all vertices of degree one and the edges containing them are removed, 
the resulting graph is linear. The caterpillar model was solved by proving 
convergence of the Gibbs measures to a measure on infinite graphs and the 
limiting measure was completely characterized. It was shown that in the fluid 
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phase the measure is concentrated on the set of caterpillars of infinite length 
and that in the condensed phase it is concentrated on the set of caterpillars 
which are of finite length and have precisely one vertex of infinite degree. This 
was the first rigourous treatment of the condensed phase in models of the 
above type. A model of random combs, equivalent to the caterpillar model 
was studied in [18] where analagous results were obtained for the limiting 
measure. A closely related phenomenom of condensation also appears in 
dynamical systems such as the zero range process, see e.g. [2T] . 

In this paper we use techniques similar to those of [27] with some ad- 
ditional input from probability theory to prove convergence of the Gibbs 
measures in the condensed phase of the planar tree model. In Section 2 we 
generalize the definition of planar trees to allow for vertices of infinite degree 
and define a metric on the set of planar trees which has the nice properties 
that the metric space is compact and that the subset of finite trees is dense. 
In Section 3 we recall the definition of generic and nongeneric trees, define 
the partition functions of interest and recall the relation to Galton- Watson 
processes. Section 4 is the technical core of the paper. There we review some 
results we need from probability theory and then show that the partition 
function for nongeneric trees of size N has the asymptotic behavior 

Z N ~ N-^o N (1.1) 

where Co is a constant and (3 is the exponent of the power decay of the 
weight w n of vertices of degree n, i.e. w n ~ n~P. In Section 5 we establish 
the existence of the infinite volume Gibbs measure and prove that in the 
condensed phase it is concentrated on the set of trees of finite diameter 
with precisely one vertex of infinite degree and that the rest of the tree 
is distributed as a subcritical Galton- Watson process with mean offspring 
probability m < 1 . We prove that for finite trees the degree of the large vertex 
grows linearly with the system size N as (1 — m)N with high probability, 
confirming the result stated in [II] . We conclude in Section 6 by calculating 
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the annealed spectral dimension of the trees in the condensed phase. In [16] 
it was claimed, on the basis of scaling arguments, that the spectral dimension 
is d s = 2. We prove, however, that if the spectral dimension exists it is given 
by d s = 2/3 — 2. In fact, it takes the same value as the spectral dimension of 
the condensed phase in the caterpillar model [27]. 

2 Rooted planar trees 

In this section we recall the definition of rooted planar trees and define a 
convenient metric on the set of all such trees. We establish some elementary 
properties of the trees as a metric space which will be needed in the construc- 
tion of a measure on infinite trees. The combinatorial definition of planar 
trees below is in the spirit of [T7] with the change that we allow for vertices 
of infinite degree. We require this extension since vertices of infinite degree 
appear in the thermodynamic limit in the nongeneric phase of the random 
tree model in Section HI 

The planarity condition means that links incident on a vertex are cycli- 
cally ordered. When the degree of a vertex is infinite there are nontrivial 
different possibilities of ordering the links and therefore the planarity condi- 
tion must by carefully defined. We allow vertices of at most countably infinite 
degree and the edges are given the simplest possible ordering, i.e. if we look 
at the set of edges leading away from the root at a given vertex, then the 
smallest edge is the leftmost one which is required to exist and the remaining 
edges are ordered as N. Note that we could just as well choose the rightmost 
edge as the smallest and order the remaining ones counterclockwise as N. 
The root will always be taken to have order one for convenience but this is 
not an essential assumption. 

Let (D R ) R > be a sequence of pairwise disjoint, countable sets with the 
properties that if D R = then D r = for all r > R. The sets D and 
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D 1 are defined to have only a single element. The set D R will eventually 
denote the set of vertices at graph distance R from the root. We will denote 
the number of elements in a set A by \A\. To introduce the edges and the 
planarity condition, we define orderings on each of the sets D R and order 
preserving maps 

0.R : Dr > D R _ U R > 1 (2.1) 

which satisfy the following: For each vertex v G D R ^i such that 
= oo, there exists an order preserving isomorphism 

^:N— ^(u). (2.2) 

In this notation (f) R (w) is the parent of the vertex w and |0 J? 1 (f)| + 1 is the 
degree of the vertex v, denoted a v . One can show by induction on R that 
such orderings on the sets D R can be defined and that they are well orderings, 
i.e. each subset of D R has a smallest element. It is not hard to check that 
given the ordered sets D R , R > 0, and the order preserving maps <p R , R > 1 
with the above properties the maps ip v are unique. For a vertex v of a finite 
degree we can also define the mappings ip v and they are trivial. 

Let T be the set of all pairs of sequences {(D , Di, D 2 , . . .), (0i, 02, • • •)} 
which satisfy the above conditions. We define an equivalence relation ~ on 
f by 

{(D , D u . . .), (0 b 2 , . . .)} ~ {(14 D[, . . .), (01, 0' 2 , . . .)} (2.3) 

if and only if for all R > 1 there exist order isomorphisms Xr '■ D R — > D' R 
such that 4>' R = Xr-i °4 , r°X r '- Note that since the sets D R are well ordered 
for all R > 1 the order isomorphisms xr are unique. Define T = f / ~. If 
r G T we denote the equivalence class of r by [r] and call it a rooted planar 
tree. As a graph, the tree has a vertex set 

00 

V = |J D R (2.4) 

R=0 



6 



&(2) . 




Towards root 



Figure 1: The ordering of <p R (v). 



and an edge set 



E = {(v,<f> R (v)) I v e D R ,R > 1} 



(2.5) 



which are independent of the representative {(-Do, D\,...), (<pi, (f>2, ■ ■ .)} U P to 
graph isomorphisms. The single element in D is called the root and denoted 
by r. We denote the set of all rooted planar trees on iV edges by T N and the 
set of finite rooted planar trees by V = Uiv=i ^jv- 

In the following, all properties of trees [r] G T that we are interested 
in are independent of representatives and we write r instead of [r]. We then 
write D R (r), </>r(-,t), i[) v (-,t), <j v {j) etc. when we need the more detailed 
information on r. If it is clear which tree we are working with we skip the 
argument r. When we draw the trees in the plane we use the convention that 
ip v (k) is the k-th vertex clockwise from the nearest neighbour of v closest to 
the root, see Figured! 

For a tree r G T we denote its height, i.e. the maximal graph distance 
of its vertices from the root, by h(r). For a pair of vertices v and w we denote 
the unique shortest path from v to w by (v, w). The ball of radius R, Br{t) 
is defined as the subtree of r generated by D (r), -Di(t) . . . D r {t). 

We define the left ball of radius R, L r (t), as the subtree of B R {r) gen- 
erated by subsets Es C Ds(B R (r)), 5 = 0, ...R, such that .Eo = D (B R (r)), 
E 1 = D 1 (B r (t)) and 



E s = bl>v{i) I v e E S -i,i 



1,2,.. . ,min{R,a v } - 1} 



(2.6) 
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B 3 (r) 



Figure 2: An example of the subgraphs -Br(t) and Lr(t). 

see Fig. [2j We denote the number of edges in a tree r by |r|. It is easy to 
check that for all r G T 

IL.WK^- 1 '"- 1 



R-2 ■ < 27 > 
whereas the number of elements in -Br(t) can be infinite. We define a metric 
d on T by 

" 1 



d(r, t') 



mm 



R 



L r (t) = L r (t'), ReN 



t, t' g r. 



(2.f 



It is elementary to check that this is in fact a metric. Note that if we allow 
any ordering on the infinite sets but still insist that they have a 

smallest element, then this ordering is in general not a a well ordering and d 
is only a pseudometric. 

Denote the open ball in V centered at r and with radius r by 



B r (r ) = {reT\d(T ,r)<r}. 



(2.9) 



Proposition 2.1 For r > and t$ G V , the ball B t (tq) is both open and 
closed and if T\ G B r (r ) then £v(ti) = i3 r (r ). 

Proof It is easy to see that open balls are also closed since the possible 
positive values of d form a discrete set. To prove the second statement take 
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a ball B t {tq) and a tree t\ G B t {tq). First take an element r 2 G B t {t\). We 
know that L r (t\) = L r (t ) and L R {ji) = L R {r 2 ) for all i? < 1/r so obviously 
Lr{jq) = L R {r 2 ) for all i? < 1/r. Therefore 



g?(t 2 , r ) < min 



1 

R 



L r (t 2 ) = L r (t ), R<l/r + l 
< r. (2.10) 



U/r + lJ 

Therefore r 2 G B r (r ) and thus B r (ri) C B r (r Q ). With exactly the same ar- 
gument we see that B r (r ) C B r (ri) and therefore the equality is established. 

□ 

Proposition 2.2 The metric space (T,d) is compact and the set V of finite 
trees is a countable dense subset ofT. 

Proof To prove compactness it is enough to note that by (12.71) . for each 
i?GN, the set {L r (t) | t G T} is finite. The result then follows by the same 
arguments applied to the set of random walks in [T7] . 

In order to prove the density of V we note that the sequence (L„(r)) neN 
is in T' by ( 12. 7\i and clearly converges to r. 

□ 



3 Generic and nongeneric trees 

In this section we define the tree ensemble that we study and discuss some 
of its elementary properties. Let w n , n > 1 be a sequence of non-negative 
numbers which we call branching weights. For technical convenience we will 
always take 

Wi,w 2 > and w n > for some n > 3. (3.1) 
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Let V(t) be the set of vertices in r. The finite volume partition function is 
defined as 

z * = e n w «i ( 3 - 2 ) 

rerjv i£V(T)\{r} 

where <ii is the degree of vertex i. We define a probability distribution un 
on T N by 

u n {t) = Z' 1 Yl w °r ( 3 - 3 ) 

ieV(r)\{r} 

The weights w n , or alternatively the measures v^, define a tree ensem- 
ble. Note that is not affected by a rescaling of the branching weights of 
the form w n — > w n ab n where a, b > 0. We introduce the generating functions 

oo 

Z(() = ZnC N (3.4) 

N=l 

and 

oo 

g(z) = J2^n+iZ n . (3.5) 

n=0 

Then we have the standard relation 

Z(C) = (g(Z(()) (3.6) 

which is explained in Fig. [3j 

We denote the radius of convergence of Z(Q and g(z) by Co an d p, 
respectively, and define Z Q = Z(( ). If Z < p, then by definition we have a 
generic ensemble of trees [2D] . Otherwise we say that we have a nongeneric 
ensemble. If p = oo we always have a generic ensemble. If p is finite we can 
assume that p = 1 by scaling the branching weights w n — >■ w n p n ~ l . 

There is a useful relation between the tree ensemble (Tjv, j/jv) and 
Galton-Watson (GW) trees (see e.g. [23]). Let p n , n = 0,1,2..., be the 
offspring probability distribution for a GW tree. Then we link a vertex of 
order one (the root) to the ancestor of the GW tree and obtain a rooted tree 
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with a root of degree 1. The GW process gives rise to a probability measure 
on the set of all finite trees 



m^) = n p**- 1 ' 

ieV(r)\{r} 



where 



reV. 



(3.7) 



Let m be the average number of offsprings in the GW process. If m > 1 the 
process is said to be supercritical and the probability that it survives forever 
is positive. If m — 1 the process is said to be critical and it dies out with 
probability one. If m < 1 the process is said to be subcritical and it dies out 
exponentially fast [23J. 

The probability distribution v N can be obtained from a GW process 
with offspring probabilities 



n-l 



by conditioning the trees to be of size N 



Vn{t) 

The mean offspring probability is then 



Mr 



m = Zt 



g'(Zo) 
'g(Zo)' 



(3. 



(3.9) 



(3.10) 



2(0 




J2 W i+1 ®- 
i=0 




Figure 3: A diagram explaining the recursion (|3.6p . The root is indicated by a 
circled point. 
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Generic trees always correspond to critical GW processes [20J and nongeneric 
trees can correspond to either critical or subcritical GW processes. In all 
cases m < 1. We now analyze this in more detail. 

Fix a set of branching weights w n which give p — 1 but let w\ be a 
free parameter of the model which at this stage can be either generic or 
nongeneric. Define 

h(Z) = ^1 . (3.11) 
From ( 13.61) we see that h(Z) = 1/((Z) for Z < Zq. Differentiating h we get 

(3.12) 



2 m _ ! 

9(Z) 



z 

and again 

h"(Z) = t^L - ^h'(Z). (3.13) 

The genericity condition means that h has a quadratic minimum at Z — 
Zq < 1, see Fig. HI It follows that m = 1, showing that the generic phase 
corresponds to critical GW trees. Furthermore, given Zq < 1 and the branch- 
ing weights w n , n > 2, we have Wi = Yl^=2( n ~ 2)w„Zq _1 . We can therefore 
clearly make any model with p = 1 generic by choosing 

oo 

wi < '^^(n — 2)w n = w c . (3-14) 

n=2 

Here w c is a critical value for w\ which depends on w n for n > 3. We note 
that if w c = oo, i.e. if g'(z) diverges as z — >• 1, we always have a generic 
ensemble. 



The next possible scenario is that h has a quadratic minimum at Z = 
Zq = 1. This happens when w\ = w c or in other words when m = 1. This is 
a nongeneric ensemble which still corresponds to critical GW trees. 

Finally, by choosing w± > w c , h has no quadratic minimum and m < 1. 
In this case the trees are nongeneric and correspond to subcritical GW trees 
as we will explore in detail in the next section. 
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h(Z) 



h(Z) 



z p ■■ 

(a) 




h(Z) 



Zq = P = 1 

(c) 



Figure 4: The three possible scenarios, a) Generic, critical, w\ < w c 
b) nongeneric, critical, w\ = w c . c) nongeneric, subcritical, w± > w c . 



4 Subcritical nongeneric trees 

In this section we examine the subcritical nongeneric phase and determine 
the asymptotic behaviour of Z^. This will allow us to construct the infinite 
volume Gibbs measure in the next section. 

We fix a number /3 > and for n > 2 we choose the branching weights 
such that 

Wn = n- /3 (l + o(l)), n>2 (4.1) 

and let W\ be a free parameter. In this case p — 1. If /3 < 2 then g'(l) = oo 
and therefore we have the generic phase for all values of W\. If > 2 we can 
have any one of the three cases discussed in the previous section depending 
on the value of wi, see Fig. [51 Now choose (3 > 2 and w\ > w c such that 



m 



0(1) 



< 1 



(4.2) 



so we are in the nongeneric, subcritical phase. Then Z = p = 1 and we see 
from (13.61) that 



Co 



1 



9(1) 



(4.3) 
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2 3 p 

Figure 5: A diagram showing the possible phases of the trees. The critical line 
is determined by the equation w\ = w c . 

The main result of this section is the following. 

Theorem 4.1 If the branching weights ( |^.ip satisfy ( |^.£| ) then the partition 
function has the asymptotic behaviour 

Z N = (1- m)^N-^l' N (1 + o(l)) • (4.4) 

The remainder of this section is devoted to a proof of this theorem. To 
determine the large N behaviour of Z N we split it into two parts, 

Z N = Z ltN + E N} (4.5) 

where Z\^ is the contribution to Z^ from trees which have exactly 1 vertex of 
maximal degree and is the contribution to Z^ from trees which have > 2 
vertices of maximal degree. We will estimate these two terms seperately and 
show that for large N the main contribution comes from Z\ ^. It follows from 
the proof that large trees, of size N, are most likely to have exactly one large 
vertex which is approximately of degree (l — m)N. This will be stated more 
precisely in Section |5j The arguments used in the proof of Theorem 14.11 rely 
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on a "truncation method" and some classical results from probability theory. 
We begin the proof by defining truncated versions of the generating functions 
introduced in the previous section. Then we introduce some notation and 
terminology from probability theory and state a few lemmas. In Subsection 
14.21 we analyse the asymptotic behaviour of Z 1A r and in Subsection 14.31 we 
do the same for E N . 

For the truncation method, we will need the following definitions. Let 
Lj ^v be the finite volume partition function for trees on N edges which have 
all vertices of degree < i and define the generating functions 



and 



N=l 



i-1 



Z t {z) = Y,Wn + iZ n . (4.7) 

n=0 

We have the standard relation 

A(C) = Ch{d{0) (4.8) 

obtained in the same way as (I3.6p . Let be the finite volume partition 
function for trees on N edges which have all vertices of degree < i and one 
marked (but not weighted) vertex of degree one at distance j from the root. 
Define 

oo 

y.,,(Q £ V).,. vC v (4.9) 

N=l 

and 

oo 

y;(0 ^y,,K). (4.10) 

With generating function arguments we find that 

y jti (0 = C4(4(C))3>i-M(C) ( 4 - n ) 
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3>i,i(0 

® (<M <g) = X>^ fc+ i ® ' 



v — y k=o 
J * 




Figure 6: A diagram explaining fl4. 11 H . The marked vertex is indicated by <g>. 
The balloons containing "< i" are trees which have vertices of degree at most i. If 
the degree of the nearest neighbour to the root is k + 1, there are k different ways 
of placing the marked vertex in a balloon. 



for j > 2, see Fig. [6j Using 3^i,i(C) = C this yields by induction 

y,,(a c(c4(4(0)Y ; . (4.12) 



Summing over j we get 



4.1 Tools from probability theory 

It will be useful to formulate our problem in probabilistic language. Define 
the probability generating functions 

=8 - d ™=m (414) 

(0 v « 



If A is an event, we let F(A) denote the probability of A. Let X[ X. 



2 > 



be i.i.d. random variables which have a probability generating function /i( z )> 



i.e. 



P(X« = k) = { ll- h .-i~ (4.15) 

v 3 11 k > % — 1, 
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and let Xi, X%, ... be i.i.d. random variables which have a probability gener- 
ating function f(z). Define 



m t = E(xf] 



V, = Var(X (l } ), S™ = X^> + ... + X 



'(<) 

A' 



and 



(4.16) 



(4.17) 



Sn — X\ + . . . + Xn . 

Note that m = K(Xj) and from (14. 2p we know that m < 1. Clearly m 8 — )■ m 
as i — )• oo. We need now a few lemmas, the first three deal with convergence 
rates in the weak law of large numbers. 



Lemma 4.2 For any e > and any s < j3 — 2 we have 

Sn 



lim iV s P 

N^oo 



N 



m 



> e 



0. 



(4.18) 



Proof It is clear that E(|Xj|*) < oo for all t < (3 — 1 and the same is true 
for the translated random variables Xj — m. The result then follows directly 
from [2H Theorem 28, p. 286]. 

□ 



The next Lemma is a classical result [3]. 

Lemma 4.3 (Bennett's inequality) If W%, W2, ■ ■ ■ are independent random 
variables, E(Wj) = ; Var(Wj) = V\y and Wj < b a.s. for every j , where b 
and Vw are positive numbers, then for any e > 



P 



> e < exp < — i] 



l + -)log(l + A)-l 



with 



Ne 



and X 



be_ 
Vw' 



(4.19) 



(4.20) 
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By f(x) = Q(g(x)) as x — > oo we mean that for x sufficiently large, 
there exist constants ci and c 2 such that cig(x) < f(x) < c 2 g(x). 

Lemma 4.4 If i — B(iV 7 ) where 7 < 1 then, for any e > small enough, 
there is a positive constant C such that 

( 9 W \ 
Fl^--m i >e\<exp{-CeN 1 -~ ( }. (4.21) 

Proof This follows directly from Bennett's inequality with Wj = — m.j. 
Then Vjy = Vi and we can take b — % for % large enough (since < 1 for % 
large enough). If now i = 0(iV 7 ), then 

v = eQiN 1 -"*). (4.22) 

If > 3 then Vi < 00 and A = Q(N~<) and the result follows. If 2 < (3 < 3 
then 

e(i 3 -^) if/3<3, 



^=ie(io g( i)) if ^3' < 4 - 23 > 

so A — > 00 as iV — )■ 00 which completes the proof. 

□ 



In the following we will repeatedly use Lagrange's inversion formula, 
see e.g. j32j p. 167]. We denote the coefficient of z n in a formal power series 
p(z) by [z n ] {p(z)}. 

Lemma 4.5 (Lagrange's inversion formula) If h(z) is a formal power series 
in z and Li satisfies \4-£fy then 

n {h(£i(C))} = hz"- 1 } {h'(zMz) N } . (4.24) 
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Using the above Lemma for the function h(z) = z 3 we get 

[C N ]{C i (O j } = j^[z N - j ]{ii(z) N }. (4.25) 
The following simple result will be useful. We omit the proof. 
Lemma 4.6 If X > and Y are random variables, then for any e > 

P (\X + Y | < e) > P (X < e/2) P (|F | < e/2) (4.26) 

and 

P (\X + y | > e) < P (\Y\ > e/2) + P (X > e/2) . (4.27) 
4.2 Calculation of ^ 

Using the Lemmas in the previous subsection we are ready to study the 
asymptotic behaviour of Z\j$. It is is easy to see that 

N-l 

Zx, N = J> m n {^(C)A(C)*} (4.28) 

i=0 

as is illustrated in Fig. [7J Combining ( 14. 8 p and (I4.13P one can use the La- 
grange inversion formula (I4.24p for the function 

h " (z) = eM-Z'M (4 ' 29) 

to get 



A? 



(4.30) 



Note that the left hand side in the above equation is increasing in i and 
therefore the right hand side also. In the following we will use this fact 
repeatedly. Next we define the functions 

hM = MlhJM. ( , 31) 

ii{z) -z?i(z) 
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and 



zH'i{z) mi) - my 



(4.32) 



aw - z? t (z))* mo) • 

It is easy to check that all derivatives of these functions are positive for 
< z < 1 and = / i)2 (l) = 1. We let X^' 1 ) and X^ be random 

variables having f^i and /j^, respectively, as probability generating functions. 
We will need the following Lemma. 

Lemma 4.7 If i — Q(N) as N — > oo, then for any e > 
(i) F(X^ > eN) < C X N 2 ~ P , 



(ii) £%(!)¥ (X^ > eN) < C 2 



log(iV) z//3 = 3 

where C\ and Ci are positive numbers which in general depend on e and (3. 

Proof We use a weighted version of Chebyshev's inequality which states that 
if X is a random variable, <p(x) > for x > is monotonically increasing 
and E(0(X)) exists, then 

E(0(X)) 



P(|X| >t)< 



<f>(t) 



(4.33) 



7 _ \^N-l r/-JVi 

^i,jv — l^i=o Is 




4(0 



4(0 



Figure 7: An illustration of Equation (14. 28ft . The balloons which include the 
"< i" are trees which have vertices of degree at most i. There is thus precisely 
one vertex of maximum degree i + 1. 
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We first consider case (i). Choose <j){x) = x^J where ['J denotes the floor 
function. It is clear that (1) < oo for all n and therefore E^X^' 1 ))) < 
oo. One can check that as i — > oo 

E(0(X (i ' 1) )) = 0(4 L/3J+1) (1)) = 0(r /3+L ' 3J+2 ). (4.34) 

If i = Q(N) as N — > oo then by (I4.33P and (14.341) there exists a positive 
constant C such that 

7V 2 -/ 3 

P > eN) < C—-r-. (4.35) 

v ' £ LP J 

In order to prove (u) we first consider the case when 2 < < 3. Then 

W) - | 0(log(JV)) if P = 3 1 j 

as X — > oo which implies the desired result. If /3 > 3, then ^jy(l) has a 
finite limit as N — > oo and the proof proceeds as in case (i). 

□ 

We are now ready to prove the main result of this subsection. 
Lemma 4.8 

Z ltN = (1 - m)- p N- p Ct N (! + o(l)) ■ (4-37) 

Proof In this proof we let C, C\, C2, ■ ■ ■ denote positive constants indepen- 
dent of N whose values may differ between equations. Define 

G N (a,b) = gil) 1 -"^' 1 J2 w N-n{z n ]yN-n-i(z) N 

a<n<b (. 

N-n zH" N _ n _ x {z) 



(4.38) 
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It follows from IjQgj) . (TOnjl and KM that 

N^-%,w = Gjv(0,JV-1). 



(4.39) 



The strategy of the proof is to split the sum over n on the right hand 
side of (14.391) into four different parts. We will see that it is only the region 
around n ~ mN which gives a nonvanishing contribution as N — > oo. 
Choose an e > small enough and a 7 such that 2//3 < 7 < 1. Then we can 
write 

N^Ct l Zi,N = G N (0,[(m-e)N\) + G N ([{m-e)N\+l,[(m + e)N\) 

+ G N ([(m + e)N\ +1, [N - iV 7 J ) + G N ([N - iV 7 J +l,iV-l). 

(4.40) 

We will show that as N — > 00 the second term on the right hand side of 
(I4.40p has a positive limit but the other terms converge to zero. To make the 
notation more compact we define 



N + = N - |_(m + e)N\ 



and 



N_ 



N-[(m-e)N\. (4.41) 



The first term on the right hand side in (I4.40p can be estimated from 
above as follows: 



G N (0, L(m-e)iVj) 
< 



N_ 



<C,P 



^_lL(m-e)iVJ f , 



n=0 

s N + x( N >v 

N 



— m 



N -n 

S N + X^ 
N 



m 



> e 
(4.42) 



where Sn is defined by ( 14. 17ft . By Lemma [4.61 we have for i = 1, 2 



P 



N 



— m 



> e < P 



Sn 
~~N 



m 



> e/2 ) +p(X (iY ' i} > Ne/2) . 

(4.43) 
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This, combined with (I4.36P and Lemmas 14.21 and 14.71 shows that the two 
terms on the right hand side of (I4.42p go to zero as iV — > oo. 



We estimate the third term on the right hand side of (I4.40p from above 
as follows: 



G N ([(m + e)N\ +1, [N - N^\) < 



N 



13-1 



n=L(m+e)iVJ+l 

< CoA^ (1 " 7)(/3 ~ 1} P 



n — [n — m\ 

c 2 ^(i) 



(N — [N — N"f\ ) 



s n + x( n v 



N 



m 



> e 



s N + x( N ^ 



N 



m 



> e 



(4.44) 



Since 7 > 2/(3 it holds that (l- 7 )(/3-l) < 0-2 and (l- 7 )(/3-l)- 7 < (3-3. 
Then by (14.361) . (I4.43P and Lemmas 14.21 and 14.71 we see that last two terms 
on the right hand side of (I4.44p converge to zero as N — > 00. 



To estimate the fourth term of (14.401) from above we first note that 

[0 {J>i(C)} = K N \ {^^(C)} < ^[C N \ {A(C)} (4-45) 

and thus 



G N (a,b) < ^(l) 1 -^ vn-u{N -n)[z n ]{l N ^ x {z) N } (4.46) 



a<n<b 



for any a, b. Using (I4.46P for iV large enough and e small enough (but inde- 
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pendent of N) we get 



N-l 



G N ([N-W\+1,N-1) < C l N^ lz n \{fN-lN-mi(z) N } 

n= [N-N~<\+l 

= C 1 N p F([N-]Sn\+l<3^- [ - N - iri) <N-l\ 

' Q {N-IN-N~i\) 



< C^pf^— ^ m N ^ [N . mi >e 

< dN p exp (-CseiV 1 - 7 ) (4.47) 

where in the last step we used Lemma 14.41 The last expression converges to 
zero as N — > oo since 7 < 1. 

Finally, we show that the second term in (I4.40p has a nonzero contri- 
bution as N — > 00. By (14. ip we see that for n large enough we have 

(1 - e)n' p <w n <(l + e)rT p . (4.48) 

We then get the upper bound 



G N ([(m-e)N\ + 1, L(m + e)iVj) < (1 + e)g{\) 



N_ n 1 



x 



l(m+e)N\ 

, m ? (i) ^ W{f»Mfi*) N } 



W) l """" v 



L(m+e)jVJ \ 

£ [^KW*)/(*H 

n=|(m-e)JV 1+1 / 



(Mi) - f„(i))W T 

< (1+£)9(1) (*r^w w 



w+y VMi)-««(i) (Mi) - «V(i)) 2 Jv+ 
(i + t )(i- (n , + 0)'-» 

1 — m 
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as iV — > oo by (14. 36ft . In a similar way we get the lower bound 

G N ( L(m - e)N\ +l,[(m + e)N\ ) > (1 - e)^(l) ^ " * (**j±Q 



x 



+ 



£ N+ (l) - £' N+ (1) 



l(m+e)N] 



n=L(m-e)iVJ+l 

(1) K^+^^J 



(4 + (l)-4 + (i)) 2 iV- 



L(m+e)/VJ \ 
n=L(m-e)A r J+l / 



(4.50) 



By (I4.36P the second term in the parenthesis above converges to zero as 
iV — > oo. Looking at the first term we find that 

(l-e)g(l) fNV' 1 (l- e )(l-(m-e)) 1 -^ 



£ N+ (1) - £' N+ (1) \N. 
as N — > oo and 

JV 



1 — m 



N 



'JV. 



(1) 



5(1) 



1 



'•n 



Wn+l 



n=N + 



as iV — y oo since /3 > 2. Finally, we have for iV large enough 



(4.51) 



(l + 0(iV^ +1 )) JV — + 1 (4.52) 



l(m+e)N\ 
n=L(m-e)7VJ+l 



P 



> P 



> P 



> 1 



5 (iv + ) +x (Ar +J i) 



— m 



< e 



N 



m N . 



S 



N 



N 



- m N , 



N (e/ AY 



< e/2 

< e/4j F(X (N+ ' 1) < iVe/4) 
(1 - CN 2 -?) 



(4.53) 
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where in the second last step we used Lemma 14.61 and in the last step we 
used Chebyshev's inequality and Lemma 14.71 As N — > oo it is clear from 
( 14.23P that Vn + /N — > and therefore the last expression converges to 1. 
From the above estimates (|H3]L f[Q4) and (jOZrSSSD we find that 



(1 -)d-(™ < limillfJvecr , Zui , 



1 — m n^oo 

1-/3 



< i imB u P ivV-'z 1 ,„< (1 + e > (1 - ( '" + 6) > 

jv->oo 1 — m 

(4.54) 

Since this holds for all e > 0, small enough, we have 



lim N^Co~ 1 Z 1 N = (l- m y (4.55) 
which completes the proof. 

□ 

4.3 Estimate on En 

We now estimate En, the remaining contribution to Zfj. Note that Ci+i(£) — 
Ci(C) is the grand canonical partition function for trees which have at least 
one vertex of degree i+1 and no vertex of degree greater than Consider a 
tree which has > 2 vertices of maximal degree i + Denote the two maximal 
degree vertices closest to the root and second closest to the root by s\ and 
s 2 , respectively. These vertices are not necessarily unique and can be at the 
same distance from the root, but for the following purpose we can choose 
any two we like. Denote the path from the root to s 2 by (r, s 2 ). Then either 
Si is on (r, s 2 ) or it is not so we can write 
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E 



N 



N-l / i-l 



i=0 




si and S2 in here 



n=l 



y<(0 E(j (^ + i(o-A(orA(cr 



"V" 

S2 in here 



(4.56) 



The outermost sum is over all possible maximal degrees. The first term in 
the brackets takes care of the case when si ^ (r, s 2 )- Then j + 1 is the 
degree of the vertex where (r, si) and (r, S2) start to differ. At least two of 
the subtrees attached to this vertex (excluding the rooted one) have to have 
at least one vertex of degree i + see Figured] (a). The second term in the 
brackets takes care of the case when si G (r, s 2 )- At least one of the subtrees 
attached to Si (excluding the rooted one) has to have at least one vertex of 
degree see Figured] (b). 

Lemma 4.9 For any i and N we have 

ic N ] {a+i(o - a(c)} < {cwcy} • (4.57) 





(b) 

Figure 8: a) The case when s± ^ (r, S2). At least two balloons attached to the 
vertex of degree j + 1 (excluding the rooted one) indicated in the figure have to 
have at least one vertex of degree i + namely si and S2- b) The case when 
s\ € (r, S2). At least one balloon attached to the vertex si (excluding the rooted 
one) has to have at least one vertex of degree i + 1 , namely S2. 
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Proof Use the Lagrange inversion theorem to obtain 

n {/wo - £(c)} = U zN ~']{ 1 v ' A 



i+V 



N 



o) E ^.iW^w^} 

N 1 +N 2 =N-l ) 

< w^z*-'- 1 ) {ii+^zf- 1 } (4.58) 



Now use the Lagrange inversion theorem on the right hand side of (14.581) to 
obtain the result. 



□ 



Lemma 4.10 For any N we have 



N-l 

E N < 2N 2 vlAC"- 1 } {^+i(C)A + i(Cf "'J • (4-59) 

t=0 

Proof First note that 

5 



E(T) (A + i(o-A(orA(cy- n 

n=2 ^ ' 



= A +1 (C) j - £i(C) J ' - i(A+i(C) - A(C))A(C) 

= (£ m (C)-A(C)) ( E £^(0*4(0*- ./£;KV ? ') 

\j'i+ia=j'-l / 

< j(A + i(C) - A(C)) (A+itcr 1 - A(C) 3 '- 1 ) 
= j(A + i(C)-A(C)) 2 E £+1(0*4(0* 

< j(j-i)(A + i(o-A(c)) 2 A + i(cr 2 . (4.60) 

It is also clear that the above inequality holds inside [( N ] {•} brackets. There- 
fore the sum over j in (I4.56P is estimated from above by 

i>i+i[c*i U(o E (f) (^(o - A(0) n A(cr n 

j=0 I n=2 ^ ' 

< n {^(C)(A + i(C) - A(C)MA + i(0)} • (4.61) 
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Now use Lemma 14.91 to get 

[C") WC)(4+i(C) -A(C)raA+i(C))} 

E ^ {^(CK'(A+i(C))} [C^ 2 ] {A + i(C) - A(C)} [C" s ] {A + i(C) - A(C)} 

N!+N2+N 3 =N 

< E [C^]{^KC)4'(A + i(C))}[C JV2 ]{CA + i(C) i }[C JV3 ]{CA + i(C) i } 



i±l N 2 [cN] { C 2^. (C) ^ (£ . +l(C))£ . +l(C) ^} . (4 . 62) 

Next observe that 

C ^ A +1 (C) < A+i(c) = 1- (4-63) 

Combining the above results we have the estimate 

i> i+ i[c") j^ (c) E (T) (A+i(c) - A(or acr n 

< ^lA^M^OWCf- 1 } (4.64) 

We get precisely the same estimate for the term in the second line in (14.561) 
(the calculations are even simpler) except that it is of order N smaller and 
(14391 follows. 

□ 

The above lemma implies the following result. 
Lemma 4.11 

N p CqE n — ► as N — ► oo. (4.65) 
Proof By Lemma 14.101 

N-l 

N^»E N < 2Nfi + *tf E W UC^ {^(OA+^C) 21 '- 1 } • (4.66) 

i=0 

29 



The sum on the right hand side has the same form as Z\,n with (3 replaced 
by 2/3, cf. Equation (I4.28p . Equation (I4.37p . which describes the asymptotic 
behaviour of Z^n, can therefore be applied to show that the right hand side 
is o(iV 2_/3 ). Since (3 > 2, this converges to zero as N — )• oo. 

□ 

Combining Lemmas 14.81 and 14.111 completes the proof of Theorem 14.11 
4.4 Generalization of 

For technical reasons, which will be made clear in the next section, we need 
to generalize the sequence Zn as we now describe. If r is the root of a tree 
we denote its unique nearest neighbour by s. Define 

reT N i£V(T)\{r,s} 

In analogy with (13. 4p and (13.51) . define the generating functions 

oo 

Z((,R) = Y,Z { N R) ( N (4.68) 

N=l 

and 

oo 

g R {z) = Y,w n+R z n . (4.69) 

n=0 

Clearly Z N = Z^\ Z(() = 1) and g(z) = g\(z). By the same arguments 
as for (13. 6p we find the relation 

Z((,R)=(g R (Z(0). (4.70) 

Let Zq^r = Z((q,R). The following Lemma is a generalization of Theorem 

m 
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Lemma 4.12 For the branching weights \4-l]) which satisfy ( |^.£| ) it holds 
that 

Z ( N R) =(l-m+ 9 j^j (1 - m)^N-^l~ N (1 + o(l)) . (4.71) 
Proof We write 

ZW=Z$ + E™ (4.72) 

in analogy with (|4.5|) . One can show with the same methods as in the previous 
subsection that lini7v->oo E^ /Z N = 0. Therefore we focus on the term z[^ 7 
the contribution from trees with exactly one vertex of maximal degree. We 
split this term into two parts: one where the maximal degree vertex is the 
nearest neighbour of the root and another when it is not. We can then write 

N-l N-2 
8=0 i=0 

(4.73) 

where we have defined 

n=0 

M») - £ (4.75) 

Using the Lagrange inversion formula for the functions h and k we find that 
n{W0'}4[^]{(i^-g)4W"} (4.77) 



Let 



and 
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and 

n {c< R (A(OMOA(cy} 



We now use exactly the same arguments as in the proof of Lemma 14.81 to 
estimate the asymptotic behaviour of (14.731) . One can show that the con- 
tribution from the second term in the curly brackets in (I4.77P and (I4.78P is 
negligible. Then one can show that for any e > 

liminf N^Z^ > (1 - e) (1 - (m- e)f^ (l + (4.79) 
N->oc \ g(l)-g'(l)J 

and 

hmsupiV^C- 1 ^ < (1 + e) (1 - (m + e)) 1 ^ (l + ■ (4.80) 

Since this holds for all e > the desired result follows. 

□ 

5 The infinite volume limit 

In this section we show that the measures z/jv converge as N — > oo and we 
characterize the limits for the three different cases discussed in Section |3j If 
m is the mean offspring probability defined in (13. lOj) then the three cases 
are: generic, critical case (w\ < w c , m = 1), the nongeneric, critical case 
(w\ = w c , m = 1) and the nongeneric, subcritical case {w\ > w c , m < 1). 

All the results stated for generic trees have already been established 
[20] but are rederived here in a slightly different way. In the generic case, 
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N 



+ Z 



d 



ti(z) N 
(4.78) 



Equation ( 13. 6ft can be solved for Z(() close to the critical point (o an d one 
can then find the asymptotic behaviour of Z^, the coefficients of Z((), see 
[28| Theorem 3.1]. In the non-generic critical case, the function Z(() has the 
same critical behaviour as in the generic case as long as g"(l) < oo, see 
Lemma A. 2]. By the same arguments as in [221 EH] one finds the following 



result for Z N 



Lemma 5.1 Under the stated assumption on the branching weights $3. 1\) 
and assuming that m — 1 and g"(Zo) < oo it holds that 



An analogous result for the asymptotic behaviour of Zn, for a special 
choice of branching weights corresponding to nongeneric critical trees with 
g"(l) = oo, is stated in [221 VI. 18 and VI. 19, page 407]. A generalization to 
Z N is straightforward and is stated in the following Lemma. 

Lemma 5.2 For the nongeneric, critical branching weights defined by jjj4.1\ ), 
with 2 < (3 < 3 and W\ = w c we have 

Zf = C( g' R (l)N-^(» N (1 + (1)) (5.2) 

where C > is a constant. 

We now prove that the measures converge as N — > oo provided that 
Z N has the right asymptotic behaviour. We call a self avoiding, infinite, 
linear path starting at the root a spine. 

Theorem 5.3 // 

Zf ] = C (1 - m + ( g' R (Z )) N- S ( N (1 + o(l)) (5.3) 

where C is a positive constant and 5 > 1, then the measures converge 
weakly, as N — > oo, to a probability measure v which has the following 
properties: 
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• If m = 1, is is concentrated on the set of trees with exactly one spine 
having finite, independent, critical GW outgrowths defined by the off- 
spring probabilities in $3.80 . The numbers i and j of left and right 
outgrowths from a vertex on the spine are independently distributed by 

<P(i,j) = — CoW i+j+2 Z l +3 . (5.4) 
m 

• If m <1, v is concentrated on the set of trees with exactly one vertex 
of infinite degree which we denote by t. The length i of the path (r,t) 
is distributed by 

i/j(£) = (1 -m)m l ~ x . (5.5) 

The outgrowths from the path (r, t) are finite, independent, subcritical 
GW trees defined by the offspring probabilities in A3. 80 . The numbers 
i and j of left and right outgrowths from a vertex v G (r,t),v ^ t are 
independently distributed by J5. 4]) - 

Proof First we prove existence of v. Since the metric space (r, d) has the 
properties stated in Propositions fl2.ll and 12. 2p it is enough, as explained in 
[T3J [T7|, to show that for any fceN and r' G V the probabilities 

v N (Bi (t')) (5.6) 

converge as iV — > oo. Since T is compact, tightness is automatically fulfilled. 
The ball in f)5.6p can be expressed as 

Bi (r') = {reT\ L R (r) = r } (5.7) 

k 

where R = k + 1 and r = Lr(t'). Denote the number of vertices in r of 
degree R by S and the number of vertices in r at distance R from the root 
by T. It is clear that S + T > 0. We can now write 

v N ({r G T | L r (t) = r }) = 

Z N l W U Z S } II Z *i ( 5 - g ) 

N 1 +...+N s+t =N-\t \+T+S i=l j=S+l 
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Figure 9: An example of the set (|5.7[) where R = 4, S = 2 and T = 3. When 
conditioning on trees of size N one attaches the weights zffl, i = 1 . . . S and Z^., 
j = S + l...S + Tas indicated in the figure. 

where 

W = J] w av (5.9) 

«eV(T )\{r} 

<7^1(r,«)]^il 

is the weight of the tree To (except the contribution from the vertices which 
are explicitly excluded), and |(r, v)\ denotes the length of the path (r,v), see 
Fig. |9j For one of the indices k in each term of the above sum it holds that 

\ T 1101 

Nk > ~ s+t ' Consider the contribution from terms for which N n > A 

for some other index n 7^ k and A > 0. The indices n and k belong to one of 
the sets {1, . . . , S} and {S + 1, . . . , S + T}, a total of four possibilities. First 
assume that S > 2 and n, k G {1, . . . , S}. Using ( I5.3p . this contribution can 
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be estimated from above by 

S S+T 



N 1 +...+N s+t =N-\t \+T+S i=2 j=S+l 

JV1 - S+ 

(S + T)N 



N-\t \+S+T 

S S+T 



Ni> "-^IV +1 , N 2 >A 



N-\t \+T + S 



) e n ^ 

' iY 3 ,...,iVs +r >l «=2 j'=S+l 



N 2 >A 

where C\, C2, C3 and C4 are positive numbers independent of N and A. 
Exactly the same upper bound is obtained, up to a multiplicative constant, 
for the other possible values of k and n. The last expression goes to zero as 
A —7- 00 since 5 > 1. 

The remaining contribution to the probability (I5.8P is then 

S+T S S+T 

y. z « w » e rK*> n ^ 

fc=l Afi+...+Ar s+T =V-|r |+T+5 i=l j=S+l 

N n <A, n^k 

A \ S ~ 1 / A 



A— >oo 



> ^oC ro| -^ T 5(1 - m + CoflkW) E ^0 E Z ^o 

\ \n=l ) \n=l , 

> ^oCo T ° hS ^ (5(1 - m + Co5h(^o))^^o T + TZj^" 1 ) • (5.11) 



This completes the proof of the existence of v. We now characterize v sepa- 
rately for the cases m — 1 and m < 1. 

Tne case m = 1: Let Ti be a finite tree which has a vertex s of degree 
one at a distance R from the root. Let Ar( t i) be the set of trees which have 
n as a subtree and the property that if the subrees attached to s which do 
not contain the root are removed one obtains n, see Fig. [TUJ It is clear that 
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* R 

Figure 10: An illustration of the set Ar(t\). 

Ar(t\) can be written as a finite union of pairwise disjoint balls as in ( 15 .7p . 
Therefore, by summing (15.111) over those balls we get 

v(A R ( n )) = ^iCi Tlhl (5.12) 

where 

Wi= n w **- ( s - 13 ) 

«eV(n)\{r,s} 

Note that Equation (I5.12p has the same form as (15.111) with S = and 
T = 1. Now define Ar as the union of Ar(ti) over all trees T\ with the above 
properties. The sets A{j\) and A(t[) are disjoint if T\ ^ t[ and therefore by 
summing (l5.12j) over t% we find that 

Mr) = e( n ^) c ^ hl= ( c °^ (i+i)wi+2 ^) " 

n fGy(ri)\{r,s} «=0 

= (Co^o))* -1 = m*- 1 = 1 (5.14) 

for all R. Therefore, by taking R to infinity one finds that v is concentrated 
on trees with exactly one spine with finite outgrowths. The distribution of 
the outgrowths follows from (I5.12p and (I5.13p . 

The case m < 1: Let r 2 be a finite tree which has a vertex t of degree 
R at a distance i from the root. Let Ar^{t2) be the set of all trees which 
have T2 as a subtree and the property that if the subtrees attached to t in the 
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Tn 






1 







Figure 11: An illustration of the set Ar,H t 2)- 

R-th, R+ 1-st, . . . position clockwise from (r,t) are removed one obtains t 2 , 
see Fig. [TTJ Summing (15. lip as in the case m — 1 one finds that 

v(A r/ (t 2 )) = W^- 1 (l-m+ , (5.15) 

where 

v£V(r 2 )\{r,t} 

Note that Equation (I5.15P resembles ( 15. lip with S = 1, T = 0. Now define 
as the union of Ar^{t2) over all trees t 2 with the above properties. By 
summing ( I5.15P over r 2 we get 

u(A^)=(l-m+^\m e -\ (5.17) 

The sets Ar^ are decreasing in R so taking R to infinity in ( I5.17P one finds, 
by the monotone convergence theorem, that the probability of exactly one 
vertex having an infinite degree and being at a distance I from the root is 
(1 — m)m e ~ 1 . Summing this over I gives 1 which shows that the measure 
is concentrated on trees with exactly one vertex of infinite degree. The 
distribution of the outgrowths follows from (I5.15P and ( I5.16p . 

□ 
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Theorem 5.4 Theorem 15.31 applies to the generic and nongeneric, critical 
ensembles in Lemmas 15.11 and \5.!2\ and the nongeneric, subcritical ensembles 



defined by ( 4-1 ) and (4-*fy - 




Proof This follows from Lemmas I4.12[ 15.11 and 15.21 since (15. 3p holds with 

generic, and nongeneric critical with g"(l) < oo 
- 1) nongeneric critical with 2 < j3 < 3 

nongeneric subcritical. 

(5.18) 

□ 

The final result of this section concerns the size of the large vertex, in 
finite trees, which arises in the nongeneric, subcritical phase. 

Theorem 5.5 Consider the nongeneric branching weights defined by fl^.lp 
and \4-<ty - Let C^^ be the event that a tree in has exactly one vertex of 
maximal degree cr max and (1 — m — e)N < a max < (1 — m + e)N. For any 
e, 5 > there exists an Nq e N such that 

v N (C Nje ) >l-5 (5.19) 

for allN> N . 

Proof This follows directly from the estimates 04.421) . f!4.44p and (I4.47H4.53)) . 

□ 



6 The spectral dimension of subcritical trees 

In this section we will calculate the so called annealed spectral dimension of 
the nongeneric subcritical trees. A simple random walk on a graph G is a 
sequence of nearest neighbour vertices, u, together with a probability weight 

M-i 

n w 1 

t=o 
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where ui t denotes the (t + l)-st vertex of uj and \u>\ is the number of vertices 
in ou. The random walk is a process where at time t a walker, located at u t , 
moves to one of its neighbours with probabilities (cr Wt ) -1 . 

Let pc{t) be the probability that a simple random walk which begins 
at the root in G, is located at the root at time t. The spectral dimension of 
the graph G is defined as d s provided that 

p G (t) x r d °' 2 (6.2) 

where we write fit) x t~ 7 if 

t^oo log(t) V ' 

If pc{t) falls off faster than any power of t then we say that d s — oo. The 
definition of d s is only useful on infinite graphs since on finite graphs, the 
return probability is asymptotically a positive constant. It is straightforward 
to verify that the spectral dimension of a connected, locally finite graph 
is independent of the choice of a root. The spectral dimension of the d- 
dimensional hyper-cubic lattice Z d is d s — d in which case it agrees with our 
usual notion of dimension. For general graphs the spectral dimension need 
not be an integer and furthermore it might not exist. 

For an infinite random graph (Q,u), where v is a probability distri- 
bution on some set of graphs Q, one can define the spectral dimension in 
different ways. First of all the graphs can have, v almost surely, a spectral 
dimension d s defined as above. Secondly, we define the annealed spectral 
dimension as d s provided that 

(pa(t))u ^ t'^ 2 (6.4) 

where (•)„ denotes expectation value with respect to v. These definitions need 
not agree and we will see an example where d s exists and is finite, whereas d s 
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is almost surely infinite. For a discussion of the spectral dimension of some 
random graph ensembles, see (191 [201 [26] . 

The Hausdorff dimension of a graph G is defined in terms of how the 
volume of a graph ball B R (G) centered on the root scales with large R. The 
Hausdorff dimension is defined as dn if 

\B R (G)\xR d ». (6.5) 

Similarly the annealed Hausdorff dimension is defined as dn provided that 

(\B R (G)\)^R 3 ». (6.6) 

The spectral and Hausdorff dimensions do not agree in general. 

The Hausdorff dimension of subcritical trees is almost surely infinite 
and the annealed Hausdorff dimension is infinite. This follows from the fact 
that a vertex of infinite degree is almost surely at a finite distance from 
the root and that its expected distance from the root is finite. It is clear 
that the spectral dimension is almost surely infinite since a random walk 
will eventually hit the vertex of infinite degree and thereafter almost surely 
never return to the root. However, it turns out that the annealed spectral 
dimension is finite and takes the same values as in the case of subcritical 
caterpillars [27J. The main result of this section is the following theorem. 

Theorem 6.1 For any (3 > 2 the annealed spectral dimension of the subcrit- 
ical trees defined by and ( f^.-Sp is 

d s = 2(/3 - 1) (6.7) 

provided it exists. 

The return probabilities which we study to prove the above theorem, 
are most conveniently analysed through their generating functions. For a 
rooted tree T define 

oo 

Q T (x) = Y,VT(t)(l-x) t/2 - (6-8) 

t=0 
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The generating function variable x is defined in this way for convenience in 
later calculations. Note that since T is a tree only integer exponents appear 
on 1 — x. Let Pj<(t) be the probability that a random walk which leaves the 
root at time zero returns to the root for the first time after t steps. Define 
the generating function 

oo 

P T (x) = J2PT(t)(l-x) t/2 . (6.9) 

t=0 

By decomposing a walk which returns to the root into the first return walk, 
the second return walk etc. we find the relation 

oo 1 

Q T (x) = J2(P T (x)r = ^rjTTZ-y (^) 

n=0 T ^ ' 

Let n be the smallest nonnegative integer for which Q^\x), the n—th deriva- 
tive of Q(x), diverges as x — > 0. If 

(-l) n QP(x)-x- a (6.11) 

for some a G [0, 1) then clearly 

d s = 2(1 - a + n), (6.12) 

if d s exists. For random graphs, the same relation holds between the singular 
behaviour of (Q^) u as x — > and the annealed spectral dimension. We will 
prove Theorem 16.11 by establishing separately a lower bound and an upper 
bound on d s . 

6.1 A lower bound on d s 

We first present a formula for the ra-th derivative of a composite function 
(see e.g. jl]) which will be used repeatedly. 
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Lemma 6.2 (Fad di Bruno's formula) If f and g are n times differentiable 
functions then 



(6.13) 



<h ' » ,! ""-" "' 



The following lemma will be needed to obtain the lower bound on d s . 

Lemma 6.3 Let \x be a subcritical GW measure on V corresponding to the 
offspring probabilities / Iff. 8\) . For any n < (3 — 1 and any nonnegative integers 
6*i, ... ,9k, k < n such that 9k ^ and Yla=i a @a — n ^ holds that 

f[((-iyP<t a \x)) da \ <oo (6.14) 

\a=l I n 

for all x e [0, 1]. 

Proof The result is obvious for x > since the coefficients of Pt{x) are 
smaller than one. First, take a fixed finite tree T with root of degree one. 
Denote the degree of the nearest neighbour of the root by iV and the finite 
trees attached to that vertex by T 1; . . . , Tjv-i- Then from [20] we have the 
recursion 

ftM = ^ (6.15) 

where 

N-l 

S t (x)=N-J2PtM (6-16) 

i=i 

Note that St{x) > 1, since Pt^x) — 1 for all i. By Faa di Bruno's formula 
(with f(x) = 1/x, g(x) = St{x)) and throwing away negative powers of 
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St(x) we find that 

« - ^ A qi --- qb H-A jl 



^ ,. , , x 91, •••,96-1 / " V J- 



(6.17) 



where ( 9lH h9b ) is the multinomial coefficient. Looking at the product from 



gi,->96 

the first sum we find that 

Ml * ; "y P1+ ... + ^APi,...,^-JtH * 

(6.18) 

Expanding the above products and keeping track of the factors in each term 
which depend on the same outgrowth Tj, i — 1, . . . , N — 1 we find that they 
are of the form 

c ,n(<z^r ( , 19 ) 



J! 



where $^=i i a j — ^ anc ^ ^ * s a number independent of Tj (the terms in the 
latter sum in (16.17p are of the same form, if b is replaced by b — 1). The 
equality Y^ b j=i J a j = b holds only when pi = atj = qj in which case p a = 
if a 7^ i and Cj = 1. The total contribution from such terms in (I6.18P is 
therefore 

En( - y ) • ( 6 - 2 °) 

Now choose numbers 9\, ... ,9k such that 9k ^ and 5^ a=1 a9 a < n. 
Define 9 = Xla=i a ^a- The following product of (16.171) over b has an upper 
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bound 

^ / (-i)»jf>w \ 9 ' < N ji ^ A-iXfg'w 

6=1 \ ^' J i=l b=l \ ^ 

M=l a(M) l<ii<i 2 <---<iM<N-lp=l b=l \ J 

where Xwm) is a sum over nonnegative integers which satisfy either 

k k-1 

(i) £}&a 6)ip < 6 or (11)^^ = (6-21) 

6=1 6=1 

and C is a number which only depends on k and (61, ... , 6k) ■ Taking the \x 
expectation value of the above inequality and using the fact that the sub- 
trees Ti, i = 1, . . . , N — 1 are identically and independently distributed and 
distributed as T itself, yields 



n 

vfe=l 



:-iM b \x) 



< 



(l-m)o(l)^^ Ml AA \ AA 6! / / 1-m 

V 7 M=1q(A/) P=l \b=l \ / / 

(6.22) 

Note, that M<Q<n<(3-l and thus g (M) (l) < 00. Therefore, for x > 0, 
the right hand side of (16. 221) is finite. To show that the left hand side is 
finite at x = we proceed by induction on the sequences (#1, 6*2, ... , Ok). We 
define a partial ordering on the set of such sequences in the following way 
(see also Fig. [12]). Sequences . . . , #/c) and ...,9' e ) obey (#1, . . . , 9' e ) < 
. . . , if and only if 

€ k £ k 

(i) < J2 id i 01 ( u ) X/^ = J2 i9i and £ < k - 

i=l i=l i=l i=l 
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= 4 



= 3 



= 2 



= 1 



Figure 12: A sequence (6\, 02, ■ ■ ■ , Ok) is represented by a Young tableau where Oi 
represents the number of rows of size i. The size of a tableau is O and the number 
of elements in the top row (grey boxes) is the value of k. The tableaux are first 
ordered by O and then by k if possible. Tableaux with the same values of O and 
k are incomparable. 



For the smallest values, k — 1 and G = 1, we find with the same calculations 
as above that 



m 



(6.23) 



Next assume that (16.141) holds for for all sequences (9[, 9' 2 , ■ ■ ■ , 9' k ,) which are 
less than a given sequence (61,62, ... ,9k) with k,Q < n. Then, by ( 16.2 ljl . 
all the terms on the right hand side of (I6.22p are finite and therefore the left 
hand side is finite for all x G [0,1]. This shows that ( 16. 14|) holds for the 
sequence (9\, 9 2 , ■ ■ ■ , 9 k ). 



□ 



Let v be the measure corresponding to nongeneric subcritical trees as 
characterized in Theorem 15.31 To find a lower bound on d s with respect to 
v we study an upper bound on a suitable derivative of the i/-average return 
probability generating function. Let Mi be a linear graph of length i with 
the root, r, at one end and a vertex of infinite degree, t, on the other end. Let 
be the set of trees with graph distance £ between r and t and such that 
at least one vertex on the path (r, t) has degree k and all the other vertices 
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have degree no greater than k (with the exception of t of course). Define 

as the expectation value with respect to v conditioned on the event A and 
define 

i+j=k—2 

We can write 

oo oo 

(Qt{x)) v = J^mY,cM(Q T (x)) UtTBBiik (6.26) 

1=1 k=2 

where 

(k \ /k—1 \ 

-(E^J ■ (6 - 27) 

In a tree in B^, denote the vertices on the path (r,t) strictly between 
r and t by s±, S2, ■ ■ ■ , s^-i- Denote the outgrowths attached to Sj by T(si), 
where i = 1, ...,£— 1 and denote the j-th outgrowth from Sj by Tj(si) where 
j = 1, . . . , a Si — 2, see Fig. [13j The first return probability generating function 
for T(si) (viewing Sj as the root) can be written in terms of the first return 
probability generating functions for Tj(si) in the following way 

a- Si -2 

Pt {Si) (x) = J2 (6-28) 
Now take a r 6 -B^fc. We can write 

Q T (z) = Yl K T (x,u)W U] (M e )(l-x)^ 2 (6.29) 

w: r— >r 
on Mi 

where 

H-i 2 
K T (x,w)= i [ ; — - — -- (6.30) 

u/ t e{si,...,s e _ 1 } 
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T(si) T(s 2 ) 
Ti( Sl ) T 2 ( Sl ) -:, Ti(s 2 ) T 2 (s 2 ) 




r <r .„-2(*»),. 



Figure 13: A tree from Bt 



and 



see 
get 



M-i 



t=o 



(6.31) 



. Choose n such that n + l</3<n + 2. Differentiating n times we 



{-l) n Q ( r\x) ^ ^ .„ ^ # ,(-l) ni ^ ni) (x,w)(-l)" 2 d n * 



m 



E E 



on Alf 



ni! 



712! c?x™ 2 



(1-*) 
(6.32) 

Let w be a random walk and denote the maximal subsequence of u 
which consists only of the vertices si, . . . , se-\ by a;'. Then 



b\ 



e n 



-i) n * rf 



mH \- n \u'\=b *= 



L /it! dx"' + K -2)(l-P TK) (x)). 
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By Faa di Bruno's formula we get 

(-iy d p ( 2 



p\ dxP\2+(a ujl -2)(l-P TH) (x)) 

2 (qi + --- + q P 

2 + - 2)(1 - P TK) (^)) gi+2g2 ^ +pgp = p \qi,...,q P 

p I ( i \a p( a ) 



X 



2(^-2) Vl+ ... +gp J T /(-l) a P^ (x 



2+K--2)(l-P TW) (x)) 



n 

a=l 



(*) 

(6.33) 

Now, Pt(wJ)(3 ; ) < 1— x. Also note that the quantitiy (*) in f!6.33j) is increasing 
in a Si and since a Si < k for i — 1, ...,£ — 1 we find that 

2(k-2) 2(k-2) 

Observe that — < 1 for k = 2, 3 and that — > 1 for 

2 + (k-2)x ~ ' 2+(k-2)x ~ 

k > 4. Finally, note that ( 9l q ^ + q 9p ) < P* 5 - Combining these results and using 
( I6.28P we get the upper bound 



-l) b Ki b) (x,io) <bb f 2(k - 2) Y 1 - 6 ".^ 1 - 5 ^) 



b\ ~ \2+(k-2)x 

Kl n t j 

EE E n (<M _2)*. 



«iH hni w /i=ft *=1 9i+2g2H hm<jn t =nt 



X 



e L, *„ in 



. . . , p a ,-2/ 7 \ 



(6.35) 



Expanding the above products and keeping track of the factors in each term 
which depend on the same outgrowth Tj(si), % = 1, . . . , £—1, j = 1, . . . , <r Sj — 2, 
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we find that they are of the form 

n „ 

^((-ir^w) " ( 6 - 36 ) 

0=1 

where X)o=i a @a — n anc ^ Qj is independent of Tj(si). By Lemma 16.31 the 
expected value of f ]6.36[) over the outgrowths Tj(si) is finite, and since the 
total number of terms on the right hand side of (16.351) is a polynomial in \u>'\ 
we find that 

(0(h — 0\ \ ( 1_<5 fe-2)( 1 ~ 5 fc,3) 6 
2^k) <6 ' 37) 
where if(|u;|) is a polynomial with positive coefficients. From this inequality 
and the fact that (-1)^2,(0) is a polynomial in £ of degree 2i + 1, it follows 
that 

((-w^)^ <£w ( 2 +V-2)x j (6 - 38) 

where Si(£), i — 0, . . . , n are polynomials with positive coefficients. Noting 
that c(M) < 0(^)(^ - 1) we get from (IB2E1) that 

n oo oo 
i=0 £=1 fc=2 

(6.39) 

The sum over £ is convergent since ip falls off exponentially and the sum over 
k can be estimated by an integral yielding 

poo .n+l-/3 

({-i) n Qf\x)) u <cx^ J { 2 + y)n+ i d y ( 6 - 4 °) 

where C is a constant. If < n + 2 the last integral is convergent when 
x — » but if /3 = n + 2 it diverges logarithmically. In both cases we get the 
lower bound d s > 2(1 — (3), provided d s exists. 

□ 



2(Jfe-2) 
2+ (Jfe-2)x 
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6.2 An upper bound on d s 

To find an upper bound on d s we study a lower bound on a suitable derivative 
of the average return probability generating function. The aim is to cut 
off the branches of the finite outgrowths from the path (r, t) so that only 
single leaves are left. We then use monotonicity results from [26J to compare 
return probability generating functions. As before we choose n such that 
n + l<(3<n + 2. We begin by differentiating ( I6.26P n times and throwing 
away every term in the sum over i except the I = 2 term 

oo 

{{-l) n Q { :\x)) v > (1 -m)m£>(*) {{-l) n Q { :\x)) v ^ B2 k . (6.41) 

fc=2 

Let M 2j fc be the graph constructed by attaching k — 2 leaves to the vertex 
Si in M.2 defined in the previous section. Take a tree r e -62,^- Denote the 
nearest neighbours of s\ y excluding r and t, by U\, . . . , Wfc-2- Denote the finite 
tree attached to Ui by U{ui), i = 1, . . . , k — 2, and view Ui as its root, see 
Fig. [TU We can write 

Q T (x)= ^(^^)W^(M 2ife )((l-x) |w|/2 (6.42) 

u>: r— >r 
on M 2j fc 

where 

M-i 1 
F rM= II T—7 TTn p TIT' ( 6 ' 43 ) 

Wie{ni,....M fc __ 2 } 




Figure 14: A graph r G i?2,fc- 
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Define 

H(x)= (Fr(x, U )) Vt ^W u (M £ )^(l-x)^ 3 . (6.44) 



lj: i — >r 
on M 2 k 



Differentiating once we easily find that 

(-lTH'(x) < ({-l) n Q<?\x)) ytT&htk (6.45) 

and using the methods of [2E1 Section 4] we find that there exists a sequence 
£j converging to zero as % — > oo on which 

(-l) n Q^ k &)<(-l) n H'&). (6.46) 

Using the relation (16.101) one can show that (— l) n Q T (x) > (—l) n P T (x) for 
any r. Thus, we finally have 

oo 

<(-i) n Qt n) te)>, > (i-rn)mj2m(-i) n p { Mim ( 6 - 47 ) 

k=2 

on a sequence ^ converging to zero. In [27] it is shown that 

and therefore the sum over k in ( I6.47P can be estimated from the below by 
the same integral as in f)6.40p up to a multiplicative constant. This proves 
that d s < 2{j5 — 1) provided d s exists. 

□ 



7 Conclusions 

We have studied an equilibrium statistical mechanical model of trees and 
shown that it has two phases, an elongated phase and a condensed phase. 
We have proven convergence of the Gibbs measures in both phases and on 
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the critical line separating them. The main result is a rigorous proof of the 
emergence of a single vertex of infinite degree in the condensed phase. The 
phenomenon of condensation appears in more general models of graphs [U |2] 
and it would be interesting to prove analogous results in those cases. 

In the generic phase the annealed Hausdorff dimension is du = 2 and 
the annealed spectral dimension is d s = 4/3, see [20]. The proof of this result 
relies only on the fact that the infinite volume measure is concentrated on 
the set of trees with exactly one spine having finite critical Galton-Watson 
outgrowths and that g"(l) < oo. Therefore, it follows from Theorem I5.3l that 
djj — 2 and 4 = 4/3 on the critical line when g"(l) < oo. 

It remains an open problem to calculate the dimension of trees on the 
critical line when g"{l) = oo. It is easy to see that the annealed Hausdorff 
dimension is infinite in this case since the expected value of the degree of any 
vertex on the spine is infinite. However, we expect from the analogous case 
of caterpillars [27] and on the basis of scaling arguments [TJJ [16] that 



holds almost surely, where 2 < < 3. Note that by Theorem I5.3[ the infinite 
volume measure is still concentrated on the set of trees with exactly one 
spine having critical Galton-Watson outgrowths. Therefore, a possible way 
to prove (17. ip is to follow the arguments in [20], but taking into account the 
different behaviour of critical Galton-Watson processes having g"(l) = oo. 
Some results on such Galton-Watson processes can be found in [30J. 

In the condensed phase the Hausdorff and spectral dimension are almost 
surely infinite due to the infinite degree vertex. The same applies to the 
annealed Hausdorff dimension. However, the annealed spectral dimension 
takes the values d s = 2(0 — 1) where > 2. This is different from the value 
d s = 2 which was obtained in [TH] using scaling arguments. The reason is 
that the scaling ansatz used in [16] is apparently not valid when a vertex of 



d H 



0-1 



and 




(7.1) 



0-2 



2/3-3 
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infinite degree appears. 
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